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Total marks — 120
Attempt Questions 1- 8

Answer each question on a SEPARATE sheet of paper

Marks
Question 1 (15 marks) [START A NEW PAGE]
(a) Find Ixz log, xdx 2
2
(b)  Find 'f T i 2
SiIn” X
3
(c)  Find J- €8 T i 3
sin” x
(d) Using the substitution of 7 = tang or otherwise,
2
evaluate I _d0 4
0o 3—cosd
(e) (i)  Find the remainder when x> + 6 is divided by x> + x — 6. 1
X +6
(i)  Hence, find J. ——dx 3
X +x-06

End of Question 1



Marks

Question 2 (15 marks) [START A NEW PAGE]

(a) Let z=18+4i and w=3—i
(1) Express Z inthe form a + i b, where a and b are real numbers 2
w
(i)  Hence or otherwise find ‘i‘ and arg (i) 2
w w
(b) Sketch the region in the complex plane where the inequalities
z—1+2i|<3 and ‘arg(z—l+2i)‘£% both hold. 3
+\ 2010
(c) Evaluate: (ij 2
2
(d) 4 The points P and Q in the complex
Q plane correspond to the complex
numbers z and w respectively. The
£ triangle OPQ is isosceles and ZPOQ
is a right angle.
Show that z* + w* =0 1
5 >
NOT TO
SCALE
(e) (1) By solving the equation z° —1=0, find the three cube roots of 1. 2
(i1) Let A be a cube root of 1 where A is not real. Show that 1> = —(ﬂ, + 1) 2
(iii)  Hence simplify (1+4)° 1
End of Question 2
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Question 3

(a)

(b)

(©)

(15marks) [START A NEW PAGE]

By considering the quadratic equation x* — xy + 1 =0 in terms of x,
Show | y| >2

Let f(x)=)c+l
X

(1)

By considering your result in (a) or otherwise, sketch a half page
graph of y = f(x).

Provide separate half page sketches of the following functions.

(i)

(iii)

(iv)

(v)

(1)

(i)

y=|f(x)
__
)

y=e/®

The number of original thoughts (T) in a small community is given by

the equation Cfi—f =k (10000 - T).

Show that 7' = 10000 — e ¥ where A, k are constants, is a solution of
this equation.

Initially there were 2500 original thoughts and then 10 years later this had

risen to 5000. When will the number of original thoughts be 75007

End of Question 3
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Question 4 (15 marks) [START A NEW PAGE]

(a)

(b)

(©)

(1)  Suppose that £ is a double root of the polynomial equation f (x) =0.
Show that f'(k) =0. 2

(i)  The polynomial P(x) =ax’+bx® +1 is divisible by (x — 1)°.

Find a and b. 2
2 3 4
X X X
i) Let E(x)=14+x + — + — + —.
(i) *) 2 6 24
Prove E(x) =0 has no double root. 2

The roots of X* + 7x* +13=0 are a, S, 7,

(i)  Find the polynomial equation whose roots are o, °, »°. 2

(i)  Find the value of &” + B° + y° 1

(i) By first finding the turning points of p(x) = x> — x* — 5x — 1, sketch
the graph of y = p(x). 2

(i)  Without attempting to solve the equation, explain why p(x) = 0 has three
distinct real roots, two of which are negative. 1

(i)  Starting with an approximation of x = 0, use one application of Newton’s
method to estimate a root of the equation p(x) = 0. 2

(iv)  Using Newton’s method, what initial approximation would you use to estimate
the positive root of p(x) = 0? State briefly your reasons for this choice. 1

End of Question 4
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Question 5 (15 marks) [START A NEW PAGE]

(a)

(b)

2 2

. . . X h%
The ellipse has the cartesian equation — + — = 1.
pse & 1 43
(1) Sketch g clearly labelling the foci, S and S and directrices 3

(i1)) P is an arbitrary point on g . By using the focus directrix definition, prove
that the sum of the distances from P to the two foci, Sand S’ is independent of

the position of P. 2

(iii) The point Q(x;, ,) is located on the ellipse E where x, >0and y, > 0.
The tangent at O meets the directrix at M(x,, y,) where x,> 0.

Show that QM subtends a right angle at one of the foci. 4

The line L : ax + by = 1 meets the rectangular hyperbola H : xy = ¢” in two
distinct points, A (xl, yl) and B (xz, yz).

C(xo, ¥ is the mid-point of AB.

(i)  Find a quadratic equation whose roots are X; and X,. 2
(1)) Show that the equation of L may be written A A 2
%o Yo

(ii1) A line M (other than an asymptote) passes through the centre of a rectangular
hyperbola. This line bisects all chords parallel to a certain direction. What is
the direction of these chords in terms of the direction of M? 2

End of Question 5



Marks
Question 6 (15 marks) [START A NEW PAGE]

1
(a) ]":.[ x" e dx

0

(1) Show that /,, =e—nl,_, forn =123, .......... 2

(ii) Hence evaluate [, 1

) & y -axis

NOT TO ﬂ
: : - N

SCALE p N
. Y
i et simntns st ¢ a1 oL
Vi s TR 2x) e %
S/ v AT, ‘;'1 .

ﬁ v PEEOILE N x’ - G x ls

LTI “ o

=i

-a a
0

The diagram shows the shaded area A between the smooth curve y = f(x), —a < x < a,
and the x-axis. (Note that f(x) > Ofor —a < x < @ and [ (—a) = f(a) = O).

The area A is rotated about the line x = —s (where s > a) to generate the volume V.

This volume is to be found by slicing 4 into thin vertical strips, rotating these to obtain
cylindrical shells, and adding the shells. Two typical strips of width ¢ whose centre

lines are distance ¢ from the y-axis are shown.

(1) Show that the indicated strips generate shells of approximate volume
27 f(—t)(s —t)ot and 27 f(¢) (s +1) Ot respectively. 1
(i1) Assuming that f (x) is an even function, show that V' =275 A. 2

Question 6 continues on page 9



Marks

Question 6  (continued)

(©)

Assuming the result of part (ii), solve the following problems.

(ii1) A doughnut shape is formed by rotating a circular disc of radius » about
an axis in its own plane at a distance of s (s > ) from the centre of the disc.
Find the volume of the doughnut. 1
(iv) The shape of a certain party jelly can be represented by rotating the area
between the curve y =sinx, 0 < x < 77, and the x-axis about the line
x = —x/4. Find the volume generated. 2
a
(1) By considering j Ja*— x* dx show that the area enclosed by the ellipse
0
2 2
X y . I
— + = = 1is zab units °. 2
a> b

A flag pole of height d metres is constructed on an elliptical base where the length of
the major axis is twice the length of the minor axis. The pole tapers to a circular cross
section whose radius is half that of the semi-minor axis. Let the radius of this circle be
r metres.

(11) Show that the area of the elliptical cross section /# metres above the ground
2
is given by 7;—]; (3h2 —10hd + 8d2) square metres. 2
(1i1) Calculate the volume of the flag pole in terms of » and d . 2
End of Question 6



Question 7

(a)

NOT TO
SCALE

(15marks) [START A NEW PAGE]

y
y =vx
Rt e
VI+-
V1
x

Consider the graph of the function y = \/;

(1)

(i)

(111)

(iv)

(vi)

Show that this curve is increasing for all x > 0.

Explainwhy\ﬁ+x/§+ ...+\/EZJ- \/;dx
0

Henceshow\ﬁ+x/§+ ...... +\/;2§n\/;.

By squaring both sides, show that

(4k +3)Vk < (4 +1) Jk +1 for k> 0.

Use mathematical induction to show that

«ﬁ + \/j + ...+ \/Z < 4n6+ 3 \/Z for all integers n > 1.

Hence, estimate JT+2 + ...+ /10000 to the nearest hundred.

Question 7 continues on page 11

10
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Question 7  (continued)

(b)

2r .. 2w
Let g = cos— +isin —
7 7

The complex number @ = g + ¢° + ¢* is aroot of the quadratic equation
x> +ax+b=0, where a and b are real.

(1) Provethatl+q+q2+q3+q4+6]5+q6:0-

(i1) The second root of the quadratic equation is . Express £ in terms of
positive powers of g.

(1i1) Find the values of the coefficients a and b.

(iv) Deduce:

End of Question 7
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Marks



Question 8 (15 marks) [START A NEW PAGE] Marks

(a) The body of mass one kilogram is projected vertically upwards from the ground at a
speed of 20 metres per second. The particle is under the effect of both gravity and a

. . . . 1 . .
resistance which, at any time, has a magnitude of 0 v?, where v is the magnitude of

the particle’s velocity at that time.

In the following questions take the acceleration due to gravity to be 10 metres per second
per second.

While the body is travelling upwards the equation of motion is: ):c = —(10 + 4i0v2 j

(i) Taking X=v g , calculate the greatest height reached by the particle. 3

(i)) Taking X = % , calculate the time taken to reach this greatest height. 2

Having reached its greatest height the particle falls to its starting point. The particle
is still under the effect of both gravity and a resistance which, at any time, has a

magnitude of € v,
40

(111) Write down the equation of motion of the particle as it falls. 1
(iv) Find the speed of the particle when it returns to its starting point. 3
(b) Two stones are thrown simultaneously from the same point in the same direction

and with the same non-zero angle of projection (upward inclination to the
horizontal), «, but with different velocities ¥, and V, metres per second where

n<n.

The slower stone hits the ground at a point P on the same level as the point of
projection. At that instant the faster stone just clears a wall of height # metres
above the level of projection and its (downward) path makes an angle £ with the

horizontal.
(1)  Show that, while both stones are in flight, the line joining them has an

inclination to the horizontal which is independent of time. 2

(1)) Hence, express the horizontal distance from P to the foot of the wall in the
terms of 4 and . 1

(iii) Show that V, (tan  + tan f) =2V, tan o, and deduce that, if
1 3
ﬂzza,then VI<ZV2. 3
End of Paper
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STANDARD INTEGRALS

jx"dx

l dx

x
[ e ax

[ cos ax ax
[ sin ax ax

J sec” ax dx

jsecaxtanaxdx

(" 1 dx
J 612+)C2
(

! dx
J a*—x*
("

! dx
J )Cz—a2

1
J dx

X’ +ad?

n#*-—

1 .
—sinax, a#0
a

1
——cosax, a#0
a

1
— tanax, a#0
a

1
—secax, a#0

a
1 a4 X
—tan' =, a#0
a a

. X
sinn —, a>0, —a<x<a
a

ln(x+\/x2—a2), x>a>0

ln(x+\/x2 +a’ )

NOTE: Inx=log,x, x>0

13
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